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ON VIRTUAL CABLING AND STRUCTURE OF 4-STRAND
VIRTUAL PURE BRAID GROUP
VALERIY G. BARDAKOV AND JIE WU
Abstract. This article is dedicate to cabling on virtual braids. This construction
gives a new generating set for the virtual pure braid group V Pn. Consequently we
describe V P4 as HNN-extension. As an application to classical braids, we find a
new presentation of the Artin pure braid group P4 in terms of the cabled generators.
1. Introduction
Cabling on classical braids has been used for establishing the fundamental connec-
tions between the homotopy groups and the theory of Brunnian braids [5] as well
as a relationship between associators (for quasi-triangular quasi-Hopf algebras) and
(a variant of) the Grothendieck-Teichmuller group [4]. In the paper [6], cabling for
braids was used to study some properties of Burau representation. Similar opera-
tion (called naive cabling) on framed links has been explored in [8] with obtaining
simplicial groups arising from link groups.
The purpose of this article is to explore cabling for virtual braids. Along the ideas
in [7] on cabling for classical braids, one gets cabling operation for virtual pure braid
group V Pn that gives new generators for V Pn. More precisely, for n ≥ 3, the group
V Pn is generated by the n-strand virtual braids obtained by taking (k, l)-cabling on
the standard generators λ1,2 and λ2,1 of V P2 together with adding trivial strands
n − k − l to the end for 1 ≤ k ≤ n − 1 and 2 ≤ k + l ≤ n, where a (k, l)-cabling on
a 2-strand virtual braid means to take k-cabling on the first strand and l-cabling on
the second strand.
Different from the classical situation [7] that the n-strand braids cabled from the
standard generator A1,2 for P2 generates a free group of rank n− 1, the subgroup of
V Pn generated by n-strand virtual braids cabled from λ1,2 and λ2,1, which is denoted
by Tn−1, is no longer free for n ≥ 3. For the first nontrivial case that n = 3, a
presentation of T2 has been explored with producing a decomposition theorem for
V P3 using cabled generators [2].
Our main work in this article is to introduce a new generating set for V Pn, define
a simplicial group T∗ and extend the results on V P3 in [2] to V P4. The main result
is Theorem 5.12 that describe V P4 as HNN-extension. As a consequence, we get a
presentation for the group T3 in Theorem 5.14. In the next article [3] we prove the
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2 V. BARDAKOV AND JIE WU
lifting theorem for the virtual braids. From this theorem follows that if we know the
structure of V P4, T3 or P4, then using degeneracy maps we can find the structure of
V Pn, Tn or Pn for all bigger n.
The article is organized as follows. In Section 2.2, we give a review on braid groups
and virtual braid groups. The simplicial structure on virtual pure braid groups will
be discussed in Section 3. In Section 4, we discuss the cabling operation on classical
pure braid group Pn as subgroup V Pn. In particular, we give a new presentation of
the Artin pure braid group P4 in terms of the cabled generators in Proposition 4.1.
We explore the structures of V P3 and V P4 in Section 5.
1.1. Acknowledgements. This article was written when the first author visited
College of Mathematics and information Science Hebei Normal University. He thanks
the administration for good working conditions. The authors would like to thank
Roman Mikhailov for interesting ideas and useful discussion and Yu. Mikhal’chishina,
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2. Braid and virtual braid groups
2.1. Braid group. The braid group Bn on n strings is generated by σ1, σ2, . . . , σn−1
and is defined by relations
σiσi+1σi = σi+1σiσi+1,
σiσj = σjσi, |i− j| > 1.
Let Sn, n ≥ 1 be the symmetric group which is generated by ρ1, ρ2, . . . , ρn−1 and
is defined by relations
ρ2i = 1, i = 1, 2, . . . , n− 1,
ρiρi+1ρi = ρi+1ρiρi+1, i = 1, 2, . . . , n− 2,
ρiρj = ρjρi, |i− j| > 1.
There is a homomorphism Bn → Sn, which sends σi to ρi. Its kernel is the pure
braid group Pn. This group is generated by elements Ai,j, 1 ≤ i < j ≤ n, where
Ai,i+1 = σ
2
i ,
Ai,j = σj−1σj−2 . . . σi+1σ2i σ
−1
i+1 . . . σ
−1
j−2σ
−1
j−1, i+ 1 < j ≤ n,
and is defined by relations (where ε = ±1):
A−εik AkjA
ε
ik = (AijAkj)
εAkj(AijAkj)
−ε,
A−εkmAkjA
ε
km = (AkjAmj)
εAkj(AkjAmj)
−ε, m < j,
A−εimAkjA
ε
im = [A
−ε
ij , A
−ε
mj]
εAkj[A
−ε
ij , A
−ε
mj]
−ε, i < k < m,
A−εimAkjA
ε
im = Akj, k < i,m < j or m < k,
Here and further [a, b] = a−1b−1ab is the commutator of a and b, ab = b−1ab is the
conjugation of a by b.
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There is an epimorphism of Pn to Pn−1 what is removing of the n-th string. Its
kernel Un = 〈A1n, A2n, . . . , An−1,n〉 is a free group of rank n− 1 and Pn = Un h Pn−1
is a semi-direct product of Un and Pn−1. Hence,
Pn = Un h (Un−1 h (. . .h (U3 h U2)) . . .),
is a semi-direct product of free groups and U2 = 〈A12〉 is the infinite cyclic group.
2.2. Virtual braid group. The virtual braid group V Bn is generated by elements
σ1, σ2, . . . , σn−1, ρ1, ρ2, . . . , ρn−1,
where σ1, σ2, . . . , σn−1 generate the classical braid group Bn and the elements ρ1,
ρ2, . . ., ρn−1 generate the symmetric group Sn. Hence, V Bn is defined by relations of
Bn, relations of Sn and mixed relations:
σiρj = ρjσi, |i− j| > 1,
ρiρi+1σi = σi+1ρiρi+1.
As for the classical braid groups there exists the canonical epimorphism of V Pn
onto the symmetric group V Bn → Sn with the kernel called the virtual pure braid
group V Pn. So we have a short exact sequence
1→ V Pn → V Bn → Sn → 1.
Define the following elements in V Pn:
λi,i+1 = ρi σ
−1
i , λi+1,i = ρi λi,i+1 ρi = σ
−1
i ρi, i = 1, 2, . . . , n− 1,
λij = ρj−1 ρj−2 . . . ρi+1 λi,i+1 ρi+1 . . . ρj−2 ρj−1,
λji = ρj−1 ρj−2 . . . ρi+1 λi+1,i ρi+1 . . . ρj−2 ρj−1, 1 ≤ i < j − 1 ≤ n− 1.
It is shown in [1] that the group V Pn (n ≥ 2) admits a presentation with the gener-
ators λij, 1 ≤ i 6= j ≤ n, and the following relations:
λijλkl = λklλij,(2.1)
λkiλkjλij = λijλkjλki,(2.2)
where distinct letters stand for distinct indices.
Like the classical pure braid groups, groups V Pn admit a semi-direct product
decompositions [1]: for n ≥ 2, the n-th virtual pure braid group can be decomposed
as
(2.3) V Pn = V
∗
n−1 o V Pn−1, n ≥ 2,
where V ∗n−1 is a subgroup of V Pn, V
∗
1 = F2, V P1 is supposed to be the trivial group.
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3. Simplicial groups V P∗ and T∗
3.1. Simplicial sets and simplicial groups. Recall the definition of simplicial
groups (see [10, p. 300] or [5]). A sequence of sets X = {Xn}n≥0 is called a simplicial
set if there are face maps:
di : Xn −→ Xn−1 for 0 ≤ i ≤ n
and degeneracy maps
si : Xn −→ Xn+1 for 0 ≤ i ≤ n,
that are satisfy the following simplicial identities:
(1). didj = dj−1di if i < j,
(2). sisj = sj+1si if i ≤ j,
(3). disj = sj−1di if i < j,
(4). djsj = id = dj+1sj,
(5). disj = sjdi−1 if i > j + 1.
3.2. The cablings of virtual pure braid groups. By using the same ideas in the
work [5, 7] on the classical braids, we have a simplcial group
VAP∗ : . . .
−→. . .−→←−. . .←−
V P4
−→−→−→−→←−←−←−
V P3
−→−→−→←−←− V P2
−→−→←− V P1
on pure virtual braid groups with VAPn = V Pn+1, the face homomorphism
di : VAPn = V Pn+1 −→ VAPn−1 = V Pn
given by deleting (i+ 1)th strand for 0 ≤ i ≤ n, and the degeneracy homomorphism
si : VAPn = V Pn+1 −→ VAPn+1 = V Pn+2
given by doubling the (i+ 1)th strand for 0 ≤ i ≤ n.
The idea of cabling is obtained from the geometric description, which can be re-
garded as the formal definition. See the Figure 1.
Figure 1. Degeneracy map s1
The proof of the following proposition is straightforward.
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Proposition 3.1. The sequence of groups VAP∗ with VAPn = V Pn+1 for n ≥ 0 is a
simplicial group under the faces di : VAPn−1 = V Pn −→ VAPn−2 = V Pn−1, 0 ≤ i ≤
n−1, and degeneracies si : VAPn−1 = V Pn −→ VAPn = V Pn+1, 0 ≤ i ≤ n−1, given
the group homomorphism with acting on the generators λk,l and λl,k, 1 ≤ k < l ≤ n,
of V Pn by the rules
si(λk,l) =

λk+1,l+1 for i < k − 1,
λk,l+1λk+1,l+1 for i = k − 1,
λk,l+1 for k − 1 < i < l − 1,
λk,l+1 λk,l for i = l − 1,
λk,l for i > l − 1,
si(λl,k) =

λl+1,k+1 for i < k − 1,
λl+1,k+1λl+1,k for i = k − 1,
λl+1,k for k − 1 < i < l − 1,
λl,k λl+1,k for i = l − 1,
λl,k for i > l − 1,
di(λk,l) =

λk−1,l−1 for 0 ≤ i < k − 1,
1 for i = k − 1,
λk,l−1 for k − 1 < i < l − 1,
1 for i = l,
λk,l for l − 1 < i ≤ n− 1,
di(λl,k) =

λk−1,l−1 for 0 ≤ i < k − 1,
1 for i = k − 1,
λl−1,k for k − 1 < i < l − 1,
1 for i = l − 1,
λl,k for l − 1 < i ≤ n− 1.

Let T∗ be the smallest simplicial subgroup of VAP∗ with the 1-simplex group
T1 = VAP1 = V P2. It is routine to see that the group Tn as a subgroup of V Pn+1
can be constructed recursively as follows:
T0 = {1}, T1 = V P2, and Tn+1 = 〈s0(Tn), s1(Tn), . . . , sn(Tn)〉.
Let
(3.1) ak,n+1−k = sn−1sn−2 · · · sksˆk−1sk−2 · · · s0λ1,2,
(3.2) bk,n+1−k = sn−1sn−2 · · · sksˆk−1sk−2 · · · s0λ2,1
6 V. BARDAKOV AND JIE WU
be the elements in V Pn+1 for 1 ≤ k ≤ n. By direct computations, we have the
following formulae.
(3.3) an−k,k =
 λ1nλ2n . . . λn−1,n for k = 1,λ1nλ2n . . . λn−k,nan−k,k−1 for 1 < k < n,λ1na1,n−2 for k = n− 1,
(3.4) bn−k,k =
 λn,n−1λn,n−2 . . . λn1 for k = 1,bn−k,k−1λn,n−kλn,n−k−1 . . . λn1 for 1 < k < n,
b1,n−2λn1 for k = n− 1,
Moreover the generators λij can be written in terms of ak,l and bs,t as follows:
(3.5) λkn =

a1,n−1 a−11,n−2 for k = 1,
ak−1,n−k a−1k−1,n−k+1 ak,n−k a
−1
k,n−k−1 for 1 < k < n,
an−2,1 a−1n−2,2 an−1,1 for k = n− 1,
(3.6) λnk =

b−11,n−2 b1,n−1 for k = 1,
b−1k,n−k−1 bk,n−k b
−1
k−1,n−k+1 bk−1,n−k for 1 < k < n,
bn−1,1 b−1n−2,2 bn−2,1 for k = n− 1,
From the above formulae, we have the following proposition.
Proposition 3.2. Consider V Pk as a subgroup of V Pk+1 by adding a trivial strand
in the end. Then
(1). The subgroup Tn−1 of V Pn, n ≥ 3, is generated by elements ak,l, bk,l, k+l = n.
(2). The group V Pn = 〈T1, T2, . . . , Tn−1〉 generated by ak,l and bk,l for 2 ≤ k+ l ≤
n, 1 ≤ k, l ≤ n− 1.
(3). V Pn+1 = 〈V Pn, s0V Pn, s1V Pn, . . . , sn−1V Pn〉 for n ≥ 2. 
Let cij = bijaij. Put
T ci = 〈cij | i+ j = n− 1〉, i = 1, 2, . . . , n− 1.
Notice that
c1,1 = b1,1a1,1 = λ2,1λ1,2 = σ
−1
1 ρ1ρ1σ
−1
1 = σ
−2
1
is a generator for P2 as a subgroup of V P2. The cabled braid ci,j lies in Pi+j+1 ≤
V Pi+j+1. It is straightforward to see that the following proposition holds for classical
braids.
Proposition 3.3. Consider Pk as a subgroup of Pk+1 by adding a trivial strand in
the end. Then
(1). The subgroup T cn−1 of Pn, n ≥ 3, is generated by elements ck,l, k + l = n.
(2). The group Pn = 〈T c1 , T c2 , . . . , T cn−1〉 generated by ck,l for 2 ≤ k + l ≤ n, 1 ≤
k, l ≤ n− 1.
(3). Pn+1 = 〈Pn, s0Pn, s1Pn, . . . , sn−1Pn〉 for n ≥ 2. 
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4. Cabling of the classical pure braid group
In the present section we find a set of defining relations of P4 in the generators cij
in Proposition 3.3.
Proposition 4.1. The group P4 is generated by elements
c11, c21, c12, c31, c22, c13
and is defined by relations (where ε = ±1):
c
cε11
21 = c21, c
cε11
12 = c
c−ε21
12 , c
cε11
31 = c31, c
cε11
22 = c22, c
cε11
13 = c
c−ε22
13 ,
c
cε21
31 = c31, c
cε21
22 = c
c−ε31
22 , c
cε21
13 = c
cε22c
−ε
31
13 ,
c
cε12
31 = c31, c
cε12
13 = c
c−ε31
13 .
c
c−112
22 = [c31, c
−1
13 ] [c
−1
13 , c22] c22 [c
2
21, c
−1
12 ] = c
c31
13 c
−c22
13 c22[c
2
21, c
−1
12 ],
cc1222 = [c12, c
−2
21 ] c22 [c
−3
22 , c13] [c13, c
−1
31 ] = [c12, c
−2
21 ] c
−c−222
13 c22 c
c−131
13 .
Proof. Rewrite the generators cij in the standard generators of P4. We have
c11 = b11a11 = λ21λ12 = σ
−1
1 ρ1ρ1σ
−1
1 = σ
−2
1 = A
−1
12 ,
c21 = b21a21 = λ32(λ31λ13)λ23 = σ
−1
2 λ21λ12σ
−1
2 = σ
−1
2 A
−1
12 σ
−1
2 = σ
−2
2 σ2A
−1
12 σ
−1
2 = A
−1
23 A
−1
13 ,
c12 = b12a12 = λ21(λ31λ13)λ12 = σ
−1
1 ρ1ρ2λ21λ12ρ2ρ1σ
−1
1 = σ
−1
1 ρ1λ31λ13ρ1σ
−1
1 =
= σ−11 λ32λ23σ
−1
1 = σ
−1
1 σ
−1
2 σ
−1
2 σ
−1
1 = σ
−1
1 A
−1
23 σ
−1
1 = (σ
−1
1 A
−1
23 σ1)A
−1
12 = A
−1
13 A
−1
12 .
And analogously,
c31 = A
−1
34 A
−1
24 A
−1
14 , c22 = A
−1
24 A
−1
14 A
−1
23 A
−1
13 , c13 = A
−1
14 A
−1
13 A
−1
12 .
In particular, we see that
P2 = T
c
1 = 〈A12〉,
P3 = 〈T c1 , T c2 〉 = 〈c11, c21, c12〉,
P4 = 〈T c1 , T c2 , T c3 〉 = 〈c11, c21, c12, c31, c22, c13〉.
To find a set of defining relations, express the old generators in the new one:
A12 = c
−1
11 , A13 = c11c
−1
12 , A23 = c12c
−1
21 c
−1
11 .
A14 = c12c
−1
13 , A24 = c13c
−1
12 c21c
−1
22 , A34 = c22c
−1
21 c
−1
31 .‘
Rewriting the set of defining relations of P4 in the new generators we will find the
set of defining relations.
Let us prove the formula for c
c−112
22 and for c
c12
22 , assuming that all other formulas are
true. Proofs for all others not difficult. Take the relation
A−113 A24A13 = [A
−1
14 , A
−1
34 ]A24[A
−1
34 , A
−1
14 ].
In the new generators this relation after cancellations has the form(
c13c
−1
12 c21c
−1
22
)c11 = c−113 c22c−121 c−131 c13c−112 c31c21c−122 c13c−131 c−113 c31c21c−122 c13.
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Using the formulas of conjugating by c−111 we get
c22c13c
−1
22 c21c
−1
12 c
−1
22 = c
−1
13 c22(c
−1
21 c
−1
31 c13)c
−1
12 c31c21c
−1
22 c13c
−1
31 c
−1
13 c31(c21c
−1
22 c13).
Rewrite the term in the brackets in the form
c−121 c
−1
31 c13 = (c
−1
31 c13)
c21c−121 = c
−1
22 c13c22c
−1
31 c
−1
21 ,
c21c
−1
22 c13 = (c
−1
22 c13)
c−121 c21 = c
−1
31 c13c
−1
22 c31c21,
we get
(c13c
−1
22 c21)c
−1
12 c
−1
22 = (c
−1
31 c
−1
21 c
−1
12 c31)c21(c
−1
22 c13c
−1
31 c
−1
22 c31c21).
Using the conjugation rules, rewrite the term in the brackets in the form
c13c
−1
22 c21 = c21(c13c
−1
22 )
c21 = c21c31c
−1
22 c13c
−1
31 , c
−1
31 c
−1
21 c
−1
12 c31 = (c
−1
21 c
−1
12 )
c31 = c−121 c
−1
12 ,
c−122 c13c
−1
31 c
−1
22 c31c21 = c21(c
−1
22 c13c
−1
31 c
−1
22 c31)
c21 = c21c31c
−2
22 c13c22c
−1
31 c
−1
22 ,
then
c21c31c
−1
22 c13c
−1
31 c
−1
12 = c
−1
21 c
−1
12 c
2
21c31c
−2
22 c13c22c
−1
31 .
Conjugating both sides by c31 and using the fact that it commutes with c12 and c21,
we get
(4.1) c21(c
−1
22 c13c
−1
12 ) = c
−1
21 c
−1
12 c
2
21c
−2
22 c13c22.
Transforming the expression in the brackets, we get
c21c
−1
12 c
−c−112
22 c
−1
31 c13c31 = c
−1
21 c
−1
12 c
2
21c
−2
22 c13c22.
Multiply both sides to c−221 c12c21 on the left ant to c
−1
31 c
−1
13 c31 on the right we get
[c221, c
−1
12 ]c
−c−112
22 = c
−1
22 [c22, c
−1
13 ][c
−1
13 , c31].
From this relation follows that
c
c−112
22 = [c31, c
−1
13 ] [c
−1
13 , c22] c22 [c
2
21, c
−1
12 ].
To find conjugation formula cc1222 , we are using (4.1)
c21c
−1
22 c13c
−1
12 = c
−1
21 c
−1
12 c
2
21(c
−2
22 c13c22).
Since
(c−122 c13)
c−111 = c−222 c13c22,
then
c21(c
−1
22 c13)c
−1
12 = c
−1
21 c
−1
12 c
2
21(c
−1
22 c13)
c−111 .
Multiply both sides to c−221 c12c21 to the left:
[c221, c
−1
12 ](c
−1
22 c13)
c−112 = (c−122 c13)
c−111 ⇔ (c−122 c13)c
−1
12 = [c−112 , c
2
21](c
−1
22 c13)
c−111 .
Using the relation
[c−112 , c
2
21] = [c
−1
12 , c
−2
11 ]
we have
c−122 c13c
−1
12 = c
2
11c
−1
12 c
−1
11 (c
−1
22 c13)c
−1
11 .
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Multiply both sides to c12 on the right
c−122 c13 = c
2
11c
−1
12 (c
−1
11 c
−1
22 c13)c
−1
11 c12.
Rewrite expression in the brackets
c−111 c
−1
22 c13 = (c
−1
22 c13)
c11c−111 = (c13c
−1
22 )c
−1
11 ,
then
c−122 c13 = c
2
11c
−1
12 (c13c
−1
22 )c
−2
11 c12 ⇔ c−122 c13 = c211cc1213 c−c1222 c−112 c−211 c12.
Multiply both sides to c−c1213 c
−2
11 on the left and to c
−1
12 c
2
11c12 on the right, we get
c−c1213 (c
−2
11 c
−1
22 c13)c
−1
12 c
2
11c12 = c
−c12
22 .
Find the expression in the brackets
c−211 c
−1
22 c13 = (c
−1
22 c13)
c211c−211 = c
−1
22 c
c−222
13 c
−2
11 .
Then
c−c1213 c
−1
22 c
c−222
13 [c
2
11, c12] = c
−c12
22 .
Using the relations
c−c1213 = c
−c−131
13 , [c
2
11, c12] = [c
−2
21 , c12],
we get
c
−c−131
13 c
−1
22 c
c−222
13 [c
−2
21 , c12] = c
−c12
22 .
from this relation follows the need relation. 
4.1. Decomposition of P4. In the paper [7] was proved that the Milnor simplicial
group F [S1] is embedded into the simplicial group AP∗. The main problem in this
theorem is the proof that groups T cn, n = 2, 3, . . ., are free. To do it the authors used
some Lie algebras. In this section we prove, that T c2 and T
c
3 are free groups using
group-theoretical methods. Note, that T c1 is infinite cyclic.
From Proposition 4.1 follows that P3 has the following presentation
P3 = 〈c11, c21, c12 || cc
ε
11
21 = c21, c
cε11
12 = c
c−ε21
12 〉.
Hence, PV3 = T
c
2 h Z, where T2 = 〈c21, c12〉 is a free group and Z = 〈c11〉.
To prove that T c3 is free, define a homomorphism of P4 onto free abelian group of
rank 2:
ϕ : P4 → 〈x, y || xy = yx〉 = Z2,
by the rule:
ϕ(c11) = x, ϕ(c21) = y, ϕ(c12) = e, ϕ(c31) = e, ϕ(c22) = e, ϕ(c13) = e,
where e is the unit element of abelaian group.
Note that subgroup of P4 that is generated by c11 and c21 is free abelian of rank 2.
Hence, for the short exact sequens
1→ Ker(ϕ)→ P4 → Z2 → 1,
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there exist a section s : Z2 → P4, s(x) = a11, s(y) = a21 and we have decomposition
P4 = Ker(ϕ)h Z2 of P4 into a semi-direct product.
Let us find a set of generators and defining relations for Ker(ϕ). Put
Λ = {ck11cl21 | k, l ∈ Z}
is a set of coset representatives of P4 by s(Z2). Then Ker(ϕ) is generated by elements
cλ12, c
λ
31, c
λ
22, c
λ
13, where λ ∈ Λ.
Using the following defining relations of P4:
c
cε11
21 = c21, c
cε11
12 = c
c−ε21
12 , c
cε11
31 = c31, c
cε11
22 = c22, c
cε11
13 = c
c−ε22
13 ,
c
cε21
31 = c31, c
cε21
22 = c
c−ε31
22 , c
cε21
13 = c
cε22c
−ε
31
13 ,
rewrite the generators of Ker(ϕ) in the form
c
ck11c
l
21
12 = c
cl−k21
12 , c
ck11c
l
21
31 = c31, c
ck11c
l
21
22 = c
c−l31
22 , c
ck11c
l
21
13 = c
cl−k22 c
−l
31
13 .
Hence, Ker(ϕ) is generated by c31, c22, c13 and infinite set c
cm21
12 , m ∈ Z. For simplicity
we will denote dm = c
cm21
12 .
To find a set of defining relations of Ker(ϕ), we take the last relations of P4:
cc1231 = c31, c
c12
13 = c
c−131
13 .
c
c−112
22 = c
c31
13 c
−c22
13 c22[c
2
21, c
−1
12 ].
For simplicity, instead the last relation take relation (4.1):
c21c
−1
22 c13c
−1
12 = c
−1
21 c
−1
12 c
2
21(c
−2
22 c13c22),
which is equivalent to the last one. Conjugating these relations by coset representa-
tives λ ∈ Λ, we get a set of defining relations for Ker(ϕ).
1) Conjugating the relation c−112 c31c12 = c31 by c
k
11c
l
21, we get
c
−cl−k21
12 c31c
cl−k21
12 = c31.
Put m = l − k, we get the set of relations
d−1m c31dm = c31, m ∈ Z.
2) Conjugating the relation c−112 c13c12 = c31c13c
−1
31 by c
k
11c
l
21, we get
c
−cl−k21
12 c
cl−k22 c
−l
31
13 c
cl−k21
12 = c31c
cl−k22 c
−l
31
13 c
−1
31 .
Conjugating this relation by cl31 and put m = l − k we get the set of relations
d−1m c
cm22
13 dm = c
cm22c
−1
31
13 , m ∈ Z.
3) Conjugating the relation c−122 c13c
−1
12 = c
−c221
12 c
−2
22 c13c22 by c
k
11c
l
21, we get
c
−c−l31
22 c
cl−k22 c
−l
31
13 c
−cl−k21
12 = c
−cl−k+221
12
(
c
−c−l31
22
)−2
c
cl−k22 c
−l
31
13 c
c−l31
22 .
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Conjugating this relation by cl31 and put m = l − k we get the set of relations
c−122 c
cl−k22
13 d
−1
m = d
−1
m+2c
2
22c
cm22
13 c22.
Hence, we prove
Lemma 4.2. Ker(ϕ) is generated by
c31, c22, c13, dm, m ∈ Z,
and is defined by relations
1) d−1m c31 dm = c31,
2) d−1m c
cm22
13 dm = c
cm22c
−1
31
13 ,
3) dm+2 = c
−1
22 c
cm+122
13 dm c
−cm22
13 c22
for m ∈ Z.
From the set of relations 3) we express all generators dm, m 6= 0, 1 as words in the
generators
d0, d1, c31, c22, c13.
If m = 2m1 ≥ 0, then from 3) we have
dm = c
−m1
22 c
c
m1
22
13 c
c
m1−1
22
13 . . . c
c22
13 d0 c
−1
13 c
−c22
13 . . . c
−cm1−122
13 c
m1
22 .
If m = 2m1 < 0, then rewrite 3) in the form
dm = c22 c
−cm+222
13 dm+2 c
cm+122
13 c
−1
22
and by induction we get
dm = c
−m1
22 c
−c−(m1+1)22
13 c
c
−(m1+2)
22
13 . . . c
−c−122
13 c
−1
13 d0 c
c−122
13 c
c−222
13 . . . c
c
−m1
22
13 c
m1
22 .
Put these formulas into relations 2), we get
Lemma 4.3. The set of relations 2) for the even indexes m = 2m1 is equivalent to
the following set of relations:(
c
(c13 c22)m1
13
)d0
= c
cm22 c
−1
31 c
−m
22 (c22c13)
m1
13 .
Now consider the odd indexes. If m = 2m1 + 1 > 0, then from 3) we have
dm = c
−m1
22 c
c
m1+1
22
13 c
c
m1
22
13 . . . c
c222
13 d1 c
−c22
13 c
−c222
13 . . . c
−cm122
13 c
m1
22 .
If m = 2m1 + 1 < 0, then
dm = c
−m1
22 c
−cm1+222
13 c
−cm122 +3
13 . . . c
−c−122
13 c
−1
13 c
−c22
13 d1 c13 c
c−122
13 . . . c
−cm1+122
13 c
m1
22 .
Put these formulas into relations 2), we get
12 V. BARDAKOV AND JIE WU
Lemma 4.4. The set of relations 2) for the odd indexes m = 2m1 + 1 is equivalent
to the following set of relations:(
c
(c22 c13)m1−1c222
13
)d1
= c
cm22 c
−1
31 c
−(m−1)
22 (c13c22)
m1
13 .
Considering the relations 1) and input the expressions for dm into these relations
we get.
Lemma 4.5. The set of relations 1) is equivalent to the union of the following sets
of relations:
if m = 2m1 is even, then(
c
c−m22 (c13 c22)
m1
31
)d0
= c
c−m22 (c22c13)
m1
31 ;
if m = 2m1 + 1 is odd, then(
c
c
−(m+1)
22 (c22 c13)
m1c222
31
)d1
= c
c
−(m−1)
22 (c13c22)
m1
31 .
Hence we have proven
Proposition 4.6. Ker(ϕ) is generated by
c31, c22, c13, d0, d1
and is defined by relations from Lemmas 4.3 - 4.5.
Now we are going to prove that Ker(ϕ) is two consequent HNN-extensions of the
group T c3 = 〈c31, c22, c13〉. For this define subgroups A0, B0, A1, B1 of G. Let m = 2m1
is even number, then A0 is generated by elements
c
(c13c22)m1
13 , c
c−m22 (c13c22)
m1
31 ;
B0 is generated by elements
c
cm22c
−1
31 c
−m
22 (c22c13)
m1
13 , c
c−m22 (c22c13)
m1
31 .
Define a map ψ0 : A0 → B0 on the generators:
c
(c13c22)m1
13 → cc
m
22c
−1
31 c
−m
22 (c22c13)
m1
13 , c
c−m22 (c13c22)
m1
31 → cc
−m
22 (c22c13)
m1
31 .
From Lemmas 4.3, 4.5 follows that ψ0 is induced conjugation by d0 in Ker(ϕ) and
hence is an isomorphism.
Analogously, let m = 2m1 + 1 is odd number, then A1 is generated by elements
c
(c22c13)(m1−1)c222
13 , c
c
−(m+1)
22 (c22c13)
m1c222
31 ;
B1 is generated by elements
c
cm22c
−1
31 c
−(m−1)
22 (c13c22)
m1
13 , c
c
−(m−1)
22 (c13c22)
m1
13 .
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Define a map ψ1 : A1 → B1 on the generators:
c
(c22c13)(m1−1)c222
13 → cc
m
22c
−1
31 c
−(m−1)
22 (c13c22)
m1
13 , c
c
−(m+1)
22 (c22c13)
m1c222
31 → cc
−(m−1)
22 (c13c22)
m1
13 .
From Lemmas 4.4, 4.5 follows that ψ1 is induced conjugation by d1 in Ker(ϕ) and
hence is an isomorphism. In these notations we have
Theorem 4.7. Ker(ϕ) is two consequent HNN-extensions with the base group T c3 :
Ker(ϕ) = 〈T c3 , d0, d1 || d−10 A0d0 = B0, ψ0; d−11 A1d1 = B1, ψ1〉.
Corollary 4.8. The group T c3 = 〈c31, c22, c13〉 is free of rank 3.
Proof. The group T c3 is a subgroup of Ker(ϕ). From Theorem 4.7 follows that all
relations of Ker(ϕ) are define Ker(ϕ) as HNN-extensions, hence T c3 does not have
defining relations. 
5. Structure of V P3 and V P4
The main purpose of this section find sets of defining relations for T2 and T3. Note
that V P3 contains T2 and has no commutativity relations, V P4 contains T3 and has
commutativity relations, Relations of Tn for n > 3 one can find using degeneracy
maps si.
5.1. The group V P3. In the generators
λ12, λ21, λ13, λ23, λ31, λ23,
V P3 is defined by the following 6 relations
λ12λ13λ23 = λ23λ13λ12, λ21λ23λ13 = λ13λ23λ21, λ13λ12λ32 = λ32λ12λ13,
λ31λ32λ12 = λ12λ32λ31, λ23λ21λ31 = λ31λ21λ23, λ32λ31λ21 = λ21λ31λ32.
In the generators
a11, b11, a21, a12, b21, b12
V P3 is defined by the following 6 relations
[a21, a12] = 1, b11a11a21a
−1
11 = a21b11, a12b21b
−1
12 b11 = b21b
−1
12 b11a11a12a
−1
11 ,
b−111 b21b11a11 = a11b21, a11a
−1
12 a21b12 = b
−1
11 b12b11a11a
−1
12 a21, [b21, b12] = 1.
In the paper [2] was found the following decomposition of V P3.
Proposition 5.1. ([2]) The group V P3 is generated by elements
a11, c11, a21, a12, b21, b12
and is defined by relations
[a21, a12] = [b21, b12] = 1,
ac1121 = a21, b
c11
21 = b21, b
c11
12 = b
a−121 a12
12 , a
c11
12 = a
b12a
−1
21 a12b
−1
21
12 ,
i. e. V P3 = 〈T2, c11〉 ∗ 〈a11〉, 〈T2, c11〉 = T2 h 〈c11〉.
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In this proposition c11 acts on b12 and a12 by different manner. Let us show that
in fact these actions are equel. Indeed, since a−121 a12 = a12a
−1
21 , then
ac1112 = a
b12a12a
−1
21 b
−1
21
12 ⇔ ac1112 = ac12c
−1
21
12 .
Similarly, rewrite the conjugation rule
bc1112 = b
a−121 a12
12
in the form
bc1112 = b
b12a12a
−1
21
12 .
Conjugating both sides of this relation by b−121 and using the fact that c11b
−1
21 = b
−1
21 c11
and b12b21 = b21b12, we get
bc1112 = b
c12c
−1
21
12 .
Hence, we have proven
Corollary 5.2. The group V P3 is generated by elements
a11, c11, a21, a12, b21, b12
and is defined by relations
[a21, a12] = [b21, b12] = 1,
ac1121 = a21, b
c11
21 = b21, b
c11
12 = b
c12c
−1
21
12 , a
c11
12 = a
c12c
−1
21
12 .
Also, we can change the generators bij to the generators cij.
Corollary 5.3. The group V P3 is generated by elements
a11, c11, a21, a12, c21, c12
and is defined by relations
[a21, a12] = [c21a
−1
21 , c12a
−1
12 ] = 1,
ac1121 = a21, c
c11
21 = c21, a
c11
12 = a
c12c
−1
21
12 , c
c11
12 = c
c−121
12 .
To find a set of defining relations of T2 consider a homomorphism ϕ : 〈T2, c11〉 →
〈c11〉 which sends all generators of T2 to 1 and sends c11 to c11. To find the kernel of
this homomorphism, we are using the Reidemeister-Schreier method [9, Section 2.3].
The kernel is generated by elements
Sλ,a = λa · (λa)−1, λ ∈ 〈c11〉, a ∈ {a12, a21, b12, b21, c11}
that are equal to
c−k11 a12c
k
11, c
−k
11 a21c
k
11, c
−k
11 b12c
k
11, c
−k
11 b21c
k
11, k ∈ Z.
Defining relations of Ker(ϕ) have the form
c−k11 τ(r)c
k
11, k ∈ Z,
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where r is a defining relation of the group 〈T2, c11〉 and τ is the rewriteble prosess
(see [9, Section 2.3]). If r runs through defining relation which are the conjugation
rules, then we can use these defining relations to remove all generators of Ker(ϕ)
and keep only four generators:
a12, a21, b12, b21,
It means that the kernel is equal to T2. Hence, we have only relations
[a21, a12]
ck11 = [b21, b12]
ck11 = 1, k ∈ Z.
We proved
Proposition 5.4. The group T2 is generated by elements a12, a21, b12, b21 and is de-
fined by relations
[a21, a12]
ck11 = [b21, b12]
ck11 = 1, k ∈ Z.
Using the conjugation rules in V P3 one can prove
Lemma 5.5. In V P3 the following formulas hold
a
ck11
12 = a
ck12c
−k
21
12 , b
ck11
12 = b
ck12c
−k
21
12 , k ∈ Z.
Using these formulas we can give other description of T2.
Proposition 5.6. T2 is generated by elements
a21, a12, b21, b12
and is defined by the relations
[a
ck21
21 , a
ck12
12 ] = [b
ck21
21 , b
ck12
12 ] = 1, k ∈ Z.
Proof. As we know T2 is defined by the relations
[a21, a12]
ck11 = [b21, b12]
ck11 = 1.
Using Lemma 5.5 and conjugation rules we can rewrite these relations in the form
[a21, a
ck12c
−k
21
12 ] = [b21, b
ck12c
−k
21
12 ] = 1.
Conjugating both sides of these relations by ck21, we get the need relations. 
5.2. V P4 and its subgroup T3. The group V P4 is generated by elements
λ12, λ21, λ13, λ23, λ31, λ32, λ14, λ24, λ34, λ41, λ42, λ43.
On the over side, V P4 = 〈T1, T2, T3〉, where
T1 = 〈a11, b11〉, T2 = 〈a21, a12, b21, b12〉, T3 = 〈a31, a22, a13, b31, b22, b13〉.
We have found expressions of the new generators aij and bij as words in standard
generators of V P4. Find expressions of the old generators as words in the new gen-
erators:
λ12 = a11, λ21 = b11, λ13 = a12a
−1
11 , λ23 = a11a
−1
12 a21, λ31 = b
−1
11 b12, λ32 = b21b
−1
12 b11,
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λ14 = a13a
−1
12 , λ24 = a12a
−1
13 a22a
−1
21 , λ34 = a21a
−1
22 a31,
λ41 = b
−1
12 b13, λ42 = b
−1
21 b22b
−1
13 b12, λ43 = b31b
−1
22 b21.
To find a presentation of V P4 in the new generators, we can act on V P3 by degen-
eracy maps s1, s2, s3. We will use a presentation of V P3 from Corollary 5.2. Then
1) The group s0(V P3) is generated by elements
a21, c21, a22, a31, b22, b31
and is defined by relations
[a31, a22] = [b31, b22] = 1,
ac2131 = a31, b
c21
31 = b31, a
c21
22 = a
c22c
−1
31
22 , b
c21
22 = b
c22c
−1
31
22 .
2) The group s1(V P3) is generated by elements
a12, c12, a13, a31, b13, b31
and is defined by relations
[a31, a13] = [b31, b13] = 1,
ac1231 = a31, b
c12
31 = b31, a
c12
13 = a
c13c
−1
31
13 , b
c12
13 = b
c13c
−1
31
13 .
3) The group s2(V P3) is generated by elements
a11, c11, a13, a22, b13, b22
and is defined by relations
[a22, a13] = [b22, b13] = 1,
ac1122 = a22, b
c11
22 = b22, a
c11
13 = a
c13c
−1
22
13 , b
c11
13 = b
c13c
−1
22
13 .
The defining relations of the groups V P3, si(V P3), i = 0, 1, 2, are not the full set
of defining relations of V P4. We need to add the commutativity relations:
(5.1) [λ∗34, λ
∗
12] = [λ
∗
24, λ
∗
13] = [λ
∗
14, λ
∗
23] = 1,
where λ∗ij is any element from the set {λij, λji}.
To find defining relations of T3 we need to understand that relations in V P4 give
relations in T3. To do it we present V P4 as HNN-extensions with some base group G4
and stable letter a11. Hence, the defining relations of T3 came from defining relations
of G4.
We will analize the relations (5.1) and show that six from these relations are con-
jugation rules by a11 and can be used in a presentation of V P4 as HNN-extensions
and other relations can be write as defining relations in G4.
Commutativity relations [λ∗34, λ
∗
12] = 1. These relations have the form
[λ34, λ12] = 1⇔ [a21a−122 a31, a11] = 1,
[λ34, λ21] = 1⇔ [a21a−122 a31, b11] = 1,
[λ43, λ12] = 1⇔ [b31b−122 b21, a11] = 1,
[λ43, λ21] = 1⇔ [b31b−122 b21, b11] = 1.
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Write the first and the third relations in the form(
a21a
−1
22 a31
)a11 = a21a−122 a31, (b31b−122 b21)a11 = b31b−122 b21.
Then from the second and from the fourth relations follows
(5.2)
(
a21a
−1
22 a31
)c11 = a21a−122 a31, (b31b−122 b21)c11 = b31b−122 b21.
In V P3 we have relations a
c11
21 = a21, b
c11
21 = b21, and in s2(V P3) we have relations
ac1122 = a22, b
c11
22 = b22. Hence, from (5.2) we get
ac1131 = a31, b
c11
31 = b31.
We proved
Lemma 5.7. From the relations [λ∗34, λ
∗
12] = 1 in V P4 follow formulas of conjugation
by a11: (
a21a
−1
22 a31
)a11 = a21a−122 a31, (b31b−122 b21)a11 = b31b−122 b21,
and formulas of conjugation by c11:
ac1131 = a31, b
c11
31 = b31.
Commutativity relations [λ∗24, λ
∗
13] = 1. These relations have the form
[λ24, λ13] = 1⇔ [a12a−113 a22a−121 , a12a−111 ] = 1,
[λ24, λ31] = 1⇔ [a12a−113 a22a−121 , b−111 b12] = 1,
[λ42, λ13] = 1⇔ [b−121 b22b−113 b12, a12a−111 ] = 1,
[λ42, λ31] = 1⇔ [b−121 b22b−113 b12, b−111 b12] = 1.
From the first relation we have the following conjugation formula by a11:
(5.3)
(
a12a
−1
13 a22a
−1
21
)a11 = (a12a−113 a22a−121 )a12 .
The second relation has the form(
a12a
−1
13 a22a
−1
21
)b−111 = (a12a−113 a22a−121 )b−112 .
Since b−1ij = aijc
−1
ij we have(
a12a
−1
13 a22a
−1
21
)a11c−111 = (a12a−113 a22a−121 )a12c−112 .
Using (5.3) rewrite this relation in the form(
a12a
−1
13 a22a
−1
21
)a12c−111 = (a−113 a22a−121 a12)c−112 .
That is equivalent to the relation
(5.4)
(
a−113 a22
)c−112 = (a−113 a22)c−111 (a−121 a12)c−111 (a−112 a21)c−112 .
Similarly, from the third relation
(5.5)
(
b−121 b22b
−1
13 b12
)a11 = (b−121 b22b−113 b12)a12 .
It is a formula of conjugation by a11.
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The fourth relation has the form(
b−121 b22b
−1
13 b12
)b−111 = (b−121 b22b−113 b12)b−112 .
Using the equality b−111 = a11c
−1
11 , rewrite the last relation in the form(
b−121 b22b
−1
13 b12
)a11c−111 = b12b−121 b22b−113 ,
and using (5.5) we get (
b−121 b22b
−1
13 b12
)a12c−111 = b12b−121 b22b−113 .
Since a12 = b
−1
12 c12, we have(
b12b
−1
21 b22b
−1
13
)c12 = (b12b−121 b22b−113 )c11 .
This relation is equivalent to
(5.6)
(
b22b
−1
13
)c12 = (b21b−112 )c12 (b12b−121 )c11 (b22b−113 )c11 .
Hence, we have
Lemma 5.8. From the relations [λ∗24, λ
∗
13] = 1 in V P4 follow formulas of conjugation
by a11:(
a12a
−1
13 a22a
−1
21
)a11 = (a12a−113 a22a−121 )a12 , (b−121 b22b−113 b12)a11 = (b−121 b22b−113 b12)a12 ,
and formulas of conjugation by c−112 and by c12:(
a−113 a22
)c−112 = (a−113 a22)c−111 (a−121 a12)c−111 (a−112 a21)c−112 ,(
b22b
−1
13
)c12 = (b21b−112 )c12 (b12b−121 )c11 (b22b−113 )c11 .
Let us prove that we can simplify two last relations from this lemma.
Lemma 5.9. In V P4 the following relations hold
1)
(
a−113 a22
)c−112 = (a−113 a22)c−111 [c21, c−112 ],
2)
(
b22b
−1
13
)c12 = [c12, c−121 ] (b22b−113 )c11 .
Proof. 1) To prove the first relation, we need to prove the equality(
a−121 a12
)c−111 (a−112 a21)c−112 = [c21, c−112 ].
We have
c−111 a12a
−1
21 c
−1
12 = (c
−1
21 c21)c
−1
11 a12a
−1
21 c
−1
12 ,
where we add unit element 1 = c−121 c21.
Since c21c
−1
11 = c
−1
11 c21 and c21a
−1
21 · a12c−112 = a12c−112 · c21a−121 , the last expression has
the form
c−121 c
−1
11 (c21a
−1
21 · a12c−112 ) = c−121 c−111 (a12c−112 · c21a−121 ) = c−121 (a12c−112 · c21a−121 )c11c−111 =
= c−121 a
c12c
−1
21
12 c
−c−121
12 c21a
−1
21 c
−1
11 = c
−1
12 a12a
−1
21 c
−1
11 .
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Hence, we have the relation
c−111 a12a
−1
21 c
−1
12 = c
−1
12 a12a
−1
21 c
−1
11 .
From this relation follows
a12a
−1
21 c
−1
12 = (c
−1
12 a12a
−1
21 )
c−111 ⇔ (a12a−121 )c
−1
12 = c12c
−c−111
12 (a12a
−1
21 )
c−111 ⇔
⇔ [c21, c−112 ] = (a−121 a12)c
−1
11 (a−112 a21)
c−112 .
From the last relation following the first relation in the lemma.
2) Let us prove the equality(
b21b
−1
12
)c12 (b12b−121 )c11 = [c12, c−121 ].
Similarly to the previous case, we have
c12b
−1
12 b21c11 = c12b
−1
12 b21c11(c
−1
21 c21) = (c12b
−1
12 · b21c−121 )c11c21 =
= c11(b21c
−1
21 · c12b−112 )c11c21 = c11b21c−121 · cc
−1
21
12 b
−c12c−121
12 )c21) = c11b21b
−1
12 c12.
Hence, we have found the relation
c12b
−1
12 b21c11 = c11b21b
−1
12 c12.
From this relation
cc1112 (b
−1
12 b21)
c11 = b21b
−1
12 c12 ⇔ c−112 cc
−1
21
12 (b
−1
12 b21)
c11 = (b21b
−1
12 )
c12 .
This relation is equivalent to the need relation. 
Corollary 5.10. In V P4 the following formulas hold
1) a
c−112
22 = a
c−113 c31
13 a
−c−113 c22
13 a22[c21, c
−1
12 ],
2) bc1222 = [c12, c
−1
21 ]b22b
−c13c−122
13 b
c13c
−1
31
13 ,
3) ac1222 = [c12, c
−1
21 ]a
−c13c−122
13 a22a
c13c
−1
31
13 ,
4) b
c−112
22 = b
c−113 c31
13 b22b
−c−113 c22
13 [c21, c
−1
12 ].
Proof. 1) Let us prove the first formula. The prove of the second one is the same.
Take the first relation in Lemma 5.9:(
a−113 a22
)c−112 = (a−113 a22)c−111 [c21, c−112 ].
Using the conjugation formulas, we get
a
−c−113 c31
13 a
c−112
22 = a
−c−113 c22
13 a22[c21, c
−1
12 ].
From this relation we get the first formula:
a
c−112
22 = a
c−113 c31
13 a
−c−113 c22
13 a22[c21, c
−1
12 ].
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3) Let us prove the third formula. The prove of the fourth one is the same. Take
the first relation in Lemma 5.9:(
a−113 a22
)c−112 = (a−113 a22)c−111 [c21, c−112 ].
Since
[c21, c
−1
12 ] = c11c12c
−1
11 c
−1
12 ,
then the relation have the form
a−113 a22 = c
−1
12 c11(a
−1
13 a22)c12c
−1
11 .
Conjugating both sides by c11 we get
a−c1113 a22 = [c11, c12]a
−c12
13 a
c12
22 .
Since a13 and a22 are commute, then
a−c1113 a22 = [c11, c12]a
c12
22 a
−c12
13
or
ac1222 = [c12, c11]a
−c11
13 a22a
c12
13 .
Using the formulas
[c12, c11] = [c12, c
−1
21 ], a
c11
13 = a
c13c
−1
22
13 , a
c12
13 = a
c13c
−1
31
13 ,
we get the need relation.

Commutativity relations [λ∗14, λ
∗
23] = 1. These relations have the form
[λ14, λ23] = 1⇔ [a13a−112 , a11a−112 a21] = 1,
[λ14, λ32] = 1⇔ [a13a−112 , b21b−112 b11] = 1,
[λ41, λ23] = 1⇔ [b−112 b13, a11a−112 a21] = 1,
[λ41, λ32] = 1⇔ [b−112 b13, b21b−112 b11] = 1.
The first relation gives the following conjugation rule by a11:
(5.7)
(
a13a
−1
12
)a11 = (a13a−112 )a−121 a12 .
The third relation gives the following conjugation rule
(5.8)
(
b−112 b13
)a11 = (b−112 b13)a−121 a12 .
Since bij = cija
−1
ij , then
b21b
−1
12 b11 = c21a
−1
21 a12c
−1
12 c11a
−1
11 ,
and the second relation:
[a13a
−1
12 , b21b
−1
12 b11] = [a13a
−1
12 , c21a
−1
21 a12c
−1
12 c11a
−1
11 ] = 1
gives the following relation(
a13a
−1
12
)a11c−111 c12a−112 a21c−121 = a13a−112 .
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Since c12a
−1
12 · a21c−121 = a21c−121 · c12a−112 , then(
a13a
−1
12
)a11c−111 a21c−121 ·c12 = (a13a−112 )a12 .
Using (5.7) rewrite this relation in the form(
a13a
−1
12
)a−121 a12c−111 a21c−121 c12 = (a13a−112 )a12 .
Since a−121 a12 = a12a
−1
21 , it is equivalent to(
a−112 a13
)a−121 c−111 a21c−121 c12 = a−112 a13.
Since [a21, c11] = 1, then (
a−112 a13
)c−111 c−121 c12 = a−112 a13.
Using a conjugation formula by c−111 we get(
a
−c−112 c21
12 a
c−113 c22
13
)c−121 c12
= a−112 a13.
Hence
(5.9) a
c−113 c22
13 = a
c−112 c21
13 .
Similarly, the forth relation has the form(
b−112 b13
)a11c−111 c12a−112 a21c−121 = b−112 b13.
Using (5.8) rewrite the forth relations in the form(
b−112 b13
)a−121 a12c−111 c12a−112 a21c−121 = b−112 b13.
Using the relation c12a
−1
12 · a21c−121 = a21c−121 · c12a−112 and b−112 b13 = a12c−112 c13a−113 we can
present this relation in the form(
c−112 c13a
−1
13 a12
)a−121 c−111 a21c−121 c12 = c−112 c13a−113 a12.
Since [a21, c11] = 1, we have(
c−112 c13a
−1
13 a12
)c−111 c−121 c12 = c−112 c13a−113 a12.
Using the formulas of conjugating by c−111 we get
cc2213 a
−c−113 c22
13 =
(
c13a
−1
13
)c−112 c21 .
Using (5.9) we have
cc2213 = c
c−112 c21
13 .
Using a conjugation formula by c−112
cc2213 = (c
c31
13 )
c21 .
Conjugating both sides by c−121
c
−c−121
22 c
c−121
13 c
c−121
22 = c
c31
13 .
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Using the conjugation rules by c−121
c−c3122 c
c−121
13 c
c31
22 = c
c31
13 ,
or
(5.10) c
c−121
13 = c
c−122 c31
13 .
Now come back to the relation (5.9) and write it in the form
a
c−113 c22c
−1
21
13 = a
c−112
13 .
Using the conjugation formulas, rewrite the left side, we arrive to relation
(c−122 )
c−121 c
c−121
13 a
c−121
13 c
−c−121
13 c
c−121
22 = a
c−112
13 .
Using the conjugation rules, we get
c−c3122 c
c−122 c31
13 a
c−121
13 c
−c−122 c31
13 c
c31
22 = a
c−113 c31
13 .
It is equivalent to
a
c−121
13 = c
−c−122 c31
13 c
c31
22 a
c−113 c31
13 c
−c31
22 c
c−122 c31
13
and after cancelations
a
c−121
13 = a
c−122 c31
13 .
Since b13 = c13a
−1
13 , then using the last relation and relation (5.10), we get
b
c−121
13 = b
c−122 c31
13 .
Hence, we proved
Lemma 5.11. The commutativity relations [λ∗14, λ
∗
23] = 1 in V P4 give the following
conjugation formulas by a11:(
a13a
−1
12
)a11 = (a13a−112 )a−121 a12 , (b−112 b13)a11 = (b−112 b13)a−121 a12 ,
and the conjugation formulas by c−121 :
a
c−121
13 = a
c−122 c31
13 , b
c−121
13 = b
c−122 c31
13 .
5.3. V P4 as HNN-extension. From the relations of commutativity in V P4 we got
the following conjugation formulas by element a11:(
a21a
−1
22 a31
)a11 = a21a−122 a31, (b31b−122 b21)a11 = b31b−122 b21,(
a12a
−1
13 a22a
−1
21
)a11 = (a12a−113 a22a−121 )a12 , (b−121 b22b−113 b12)a11 = (b−121 b22b−113 b12)a12 ,(
a13a
−1
12
)a11 = (a13a−112 )a−121 a12 , (b−112 b13)a11 = (b−112 b13)a−121 a12 .
Denote
Aa = 〈a21a−122 a31, a12a−113 a22a−121 , a13a−112 〉.
We see that
Aa = 〈λ34, λ24, λ14〉.
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Denote
Ab = 〈b31b−122 b21, b−121 b22b−113 b12, b−112 b13〉.
We see that
Ab = 〈λ43, λ42, λ41〉.
Also denote
Ba = 〈a21a−122 a31,
(
a12a
−1
13 a22a
−1
21
)a12 , (a13a−112 )a−121 a12〉 = 〈λ34, λλ1224 , λλ1214 〉
and
Bb = 〈b31b−122 b21,
(
b−121 b22b
−1
13 b12
)a12 , (b−112 b13)a−121 a12〉 = 〈λ43, λλ1242 , λλ1241 〉.
We see that Ba = A
a11
a , Bb = A
a11
b . Put A = 〈Aa, Ab〉, B = 〈Ba, Bb〉. Since B is
conjugate with A, then A is isomorphic to B and we get
Theorem 5.12. V P4 is the HNN-extension with the base group
G4 = 〈c11, a21, a12, c21, c12, a31, a22, a13, b31, b22, b13〉
associated subgroups A and B, stable letter a11. G4 is defined by the following relations
(here ε = ±1):
1) conjugations by cε11
a
cε11
21 = a21, a
cε11
12 = a
cε12c
−ε
21
12 , c
cε11
21 = c21, c
cε11
12 = c
c−ε21
12 ,
a
cε11
31 = a31, a
cε11
22 = a22, a
cε11
13 = a
cε13c
−ε
22
13 , b
cε11
31 = b31, b
cε11
22 = b22, b
cε11
13 = b
cε13c
−ε
22
13 ,
2) conjugations by cε21
a
cε21
31 = a31, a
cε21
22 = a
cε22c
−ε
31
22 , a
cε21
13 = a
cε22c
−ε
31
13 , b
cε21
31 = b31, b
cε21
22 = b
cε22c
−ε
31
22 , b
cε21
13 = b
cε22c
−ε
31
13 ,
3) conjugations by cε12
a
cε12
31 = a31, a
cε12
13 = a
cε13c
−ε
31
13 , b
cε12
31 = b31, b
cε12
13 = b
cε13c
−ε
31
13 ,
a
c−112
22 = a
c−113 c31
13 a
−c−113 c22
13 a22[c21, c
−1
12 ], a
c12
22 = [c12, c
−1
21 ]a
−c13c−122
13 a22a
c13c
−1
31
13 ,
b
c−112
22 = b
c−113 c31
13 b22b
−c−113 c22
13 [c21, c
−1
12 ], b
c12
22 = [c12, c
−1
21 ]b22b
−c13c−122
13 b
c13c
−1
31
13 .
4) commutativity relations
[a21, a12] = [a31, a22] = [a31, a13] = [a22, a13] = 1,
[c21a
−1
21 , c12a
−1
21 ] = [b31, b22] = [b31, b13] = [b22, b13] = 1.
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Hence, to find defining relations of T3 we need to study G4.
Define the following subgroup of G4:
Q = 〈a21, a12, c21, c12, a31, a22, a13, b31, b22, b13〉.
From relations 1) of Theorem 5.12 follows that Q is normal in G4 and is the kernel
of the homomorphism
G4 −→ 〈c11〉
which sends c11 to c11 and sends all other generators to 1. Similarly to the case
V P3 one can see that Q is defined by relations which come from relations 2) – 4) of
Theorem 5.12 by conjugation ck11, k ∈ Z. Using the defining relations of G4 one can
prove that all conjugations of relations 2) – 3) are equivalent to relations 2) – 3).
Hence,
Lemma 5.13. The group Q is defined by relations 2) – 3) of Theorem 5.12 and
relations
[a21, a12]
ck11 = [a31, a22]
ck11 = [a31, a13]
ck11 = [a22, a13]
ck11 = 1,
[c21a
−1
21 , c12a
−1
21 ]
ck11 = [b31, b22]
ck11 = [b31, b13]
ck11 = [b22, b13]
ck11 = 1,
that can be written in the form
[a21, a
ck12c
−k
21
12 ] = [a31, a22] = [a31, a
ck13c
−k
22
13 ] = [a22, a
ck13c
−k
22
13 ] = 1,
[c21a
−1
21 , c
c−k21
12 a
−ck12c−k21
21 ] = [b31, b22] = [b31, b
ck13c
−k
22
13 ] = [b22, b
ck13c
−k
22
13 ] = 1,
for all integer numbers k.
Now we can prove the main result of the present paper.
Theorem 5.14. The group
T3 = 〈a31, a22, a13, b31, b22, b13〉
is defined by relations
[a31, a
cm22c
−m
31
22 ] = [a31, a
ck13c
m−k
22 c
−m
31
13 ] = [a
cm22c
−m
31
22 , a
ck13c
m−k
22 c
−m
31
13 ] = 1,
[b31, b
cm22c
−m
31
22 ] = [b31, b
ck13c
m−k
22 c
−m
31
13 ] = [b
cm22c
−m
31
22 , b
ck13c
m−k
22 c
−m
31
13 ] = 1.
where k,m ∈ Z.
Proof. In Lemma 5.13 we have found a set of defining relations for Q. From this
set follows that Q is a free product of subgroups Q1 = 〈c21, c12, a21, a12〉 and Q2 =
〈c21, c12, a31, a22, a13, b31, b22, b13〉 with amalgamated subgroup Qc = 〈c21, c12〉. Hence,
we have a set of defining relations for Q2: it includes relations of Q, that contains
only generators of Q2.
Now consider a homomorphism
ϕ : Q2 −→ 〈c21〉,
that is defined by the formulas
ϕ(c21) = c21, ϕ(c12) = ϕ(a31) = ϕ(a22) = ϕ(a13) = ϕ(b31) = ϕ(b22) = ϕ(b13) = 1.
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To find a presentation of Ker(ϕ) take the set of coset representatives of this kernel
in Q2:
Λ = {cm21 | m ∈ Z}.
Then Ker(ϕ) is generated by elements
c
cm21
12 , a
cm21
31 , a
cm21
22 , a
cm21
13 , b
cm21
31 , b
cm21
22 , b
cm21
13 .
Let us denote
dm = c
cm21
12 , m ∈ Z.
Using the conjugations formulas by c21 from Theorem 5.12, we get
a
cm21
31 = a31, a
cm21
22 = a
cm22c
−m
31
22 , a
cm21
13 = a
cm22c
−m
31
13 ,
b
cm21
31 = b31, b
cm21
22 = b
cm22c
−m
31
22 , b
cm21
13 = b
cm22c
−m
31
13 .
Hence Ker(ϕ) is generated by elements
dm,m ∈ Z, a31, a22, a13, b31, b22, b13.
To find a set of defining relations for Ker(ϕ) we have to take the following relations
in Q:
ac1231 = a31, a
c12
13 = a
c13c
−1
31
13 , b
c12
31 = b31, b
c12
13 = b
c13c
−1
31
13 ,
a
c−112
22 = a
c−113 c31
13 a
−c−113 c22
13 a22[c21, c
−1
12 ], b
c−112
22 = b
c−113 c31
13 b22b
−c−113 c22
13 [c21, c
−1
12 ],
[a21, a
ck12c
−k
21
12 ] = [a31, a22] = [a31, a
ck13c
−k
22
13 ] = [a22, a
ck13c
−k
22
13 ] = 1,
[c21a
−1
21 , c
c−k21
12 a
−ck12c−k21
21 ] = [b31, b22] = [b31, b
ck13c
−k
22
13 ] = [b22, b
ck13c
−k
22
13 ] = 1,
and conjugate them by cm21.
At first consider the relations
a
c−112
22 = a
c−113 c31
13 a
−c−113 c22
13 a22[c21, c
−1
12 ], b
c−112
22 = b
c−113 c31
13 b22b
−c−113 c22
13 [c21, c
−1
12 ].
These relations are equivalent to the following relations from Lemma 5.9
(5.11)
(
a−113 a22
)c−112 = (a−113 a22)c−111 [c21, c−112 ],
(5.12)
(
b22b
−1
13
)c12 = [c12, c−121 ] (b22b−113 )c11 .
Using the formulas of conjugations by c−111 , rewrite the relation (5.11) in the form
d0 a
−1
13 a22 = a
−c−113 c22
13 a22 d1.
Conjugated it by cm21 we get
dm a
−cm22c−m31
13 a
cm22c
−m
31
22 = a
−c−113 cm22c22c−m31
13 a
cm22c
−m
31
22 dm+1.
Conjugated both sides of this relation by cm31 we have
dm
(
a−113 a22
)cm22 = a−c−113 cm+12213 acm2222 dm+1.
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From these relations we have
dm+1 =
(
a−122 a
c−113 c22
13
)cm22
dm
(
a−113 a22
)cm22 for m ≥ 0,
dm =
(
a
−c−113 c22
13 a22
)cm22
dm+1
(
a−122 a13
)cm22 for m < 0.
Analogously, from (5.12) we get the following formulas
dm =
(
b13b
−1
22
)cm22 dm−1 (b22b−c13c−12213 )cm22 for m ≥ 1,
dm−1 =
(
b22b
−1
13
)cm22 dm (bc13c−12213 b−122 )cm22 for m < 1.
For further calculations introduce the notations
A
(l)
1 =
(
a−122 a
c−113 c22
13
)cl22
, A
(l)
2 =
(
a−113 a22
)cl22 , A(l)i = (A(l)i )−1 ,
B
(l)
1 =
(
b22 b
−c13c−122
13
)cl22
, B
(l)
2 =
(
b13 b
−1
22
)cl22 , B(l)i = (B(l)i )−1 ,
for all integers l.
Using these notations we express dm, m 6= 0 as words, which depend only on d±10
and other generators of Ker(ϕ). Using induction on m we get:
for m ≥ 1
dm = A
(m)
1 A
(m−1)
1 . . . A
(0)
1 d0A
(0)
2 A
(1)
2 . . . A
(m)
2 ,
dm = B
(m)
2 B
(m−1)
2 . . . B
(1)
2 d0B
(1)
1 B
(2)
1 . . . B
(m)
1 ,
for m ≤ −1
dm = A
(m)
1 A
(m+1)
1 . . . A
(−1)
1 d0A
(−1)
2 A
(−2)
2 . . . A
(m)
2 ,
dm = B
(m+1)
2 B
(m+2)
2 . . . B
(0)
2 d0B
(0)
1 B
(−1)
1 . . . B
(m+1)
1 .
We see that left sides of these relations are equal, then equality of the right sides
gives relations:
for m ≥ 1
d−10
(
A
(0)
1 A
(1)
1 . . . A
(m)
1 ·B(m)2 B(m−1)2 . . . B(1)2
)
d0 =
= A
(0)
2 A
(1)
2 . . . A
(m)
2 ·B(m)1 B(m−1)1 . . . B(1)1 ,
for m ≤ −1
d−10
(
A
(−1)
1 A
(−2)
1 . . . A
(m)
1 ·B(m+1)2 B(m+2)2 . . . B(0)2
)
d0 =
= A
(−1)
2 A
(−2)
2 . . . A
(m)
2 ·B(m+1)1 B(m+2)1 . . . B(0)1 .
Let us consider other relations.
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1) Take the relation c−112 a31c12 = a31. Conjugating it by c
m
21 we get d
−1
m a31dm = a31.
Put instead dm its expressions we get:
d−10
(
A
(0)
1 A
(1)
1 . . . A
(m)
1 a31A
(m)
1 A
(m−1)
1 . . . A
(0)
1
)
d0 =
= A
(0)
2 A
(1)
2 . . . A
(m)
2 a31A
(m)
2 A
(m−1)
2 . . . A
(0)
2 , for m ≥ 1,
and
d−10
(
A
(−1)
1 A
(−2)
1 . . . A
(m)
1 a31A
(m)
1 A
(m+1)
1 . . . A
(−1)
1
)
d0 =
= A
(−1)
2 A
(−2)
2 . . . A
(m)
2 a31A
(m)
2 A
(m+1)
2 . . . A
(−1)
2 , for m ≤ −1.
Analogously, from relation c−112 b31c12 = b31 we get relations
d−10
(
B
(1)
2 B
(2)
2 . . . B
(m)
2 b31B
(m)
2 B
(m−1)
2 . . . B
(1)
2
)
d0 =
= B
(1)
1 B
(2)
1 . . . B
(m)
1 b31B
(m)
1 B
(m−1)
1 . . . B
(1)
1 , for m ≥ 1,
and
d−10
(
B
(0)
2 B
(−1)
2 . . . B
(m+1)
2 b31B
(m+1)
2 B
(m+2)
2 . . . B
(0)
2
)
d0 =
= B
(0)
1 B
(−1)
1 . . . B
(m+1)
1 b31B
(m+1)
1 B
(m+2)
1 . . . B
(0)
1 , for m ≤ −1.
2) Take the relation
ac1213 = a
c13c
−1
31
13 .
Conjugating it by cm21 we get
d−1m a
cm22
13 dm = a
c13cm22c
−1
31
13 .
Put instead dm its expressions we get:
d−10
(
A
(0)
1 A
(1)
1 . . . A
(m)
1 a
cm22
13 A
(m)
1 A
(m−1)
1 . . . A
(0)
1
)
d0 =
= A
(0)
2 A
(1)
2 . . . A
(m)
2 a
c13cm22c
−1
31
13 A
(m)
2 A
(m−1)
2 . . . A
(0)
2 , for m ≥ 1,
and
d−10
(
A
(−1)
1 A
(−2)
1 . . . A
(m)
1 a
cm22
13 A
(m)
1 A
(m+1)
1 . . . A
(−1)
1
)
d0 =
= A
(−1)
2 A
(−2)
2 . . . A
(m)
2 a
c13cm22c
−1
31
13 A
(m)
2 A
(m+1)
2 . . . A
(−1)
2 , for m ≤ −1.
Analogously, the relation
bc1231 = b
c13c
−1
31
31
is equivalent to the relations
d−10
(
B
(1)
2 B
(2)
2 . . . B
(m)
2 b
cm22
13 B
(m)
2 B
(m−1)
2 . . . B
(1)
2
)
d0 =
= B
(1)
1 B
(2)
1 . . . B
(m)
1 b
c13cm22c
−1
31
13 B
(m)
1 B
(m−1)
1 . . . B
(1)
1 , for m ≥ 1,
and
d−10
(
B
(0)
2 B
(−1)
2 . . . B
(m+1)
2 b
cm22
13 B
(m+1)
2 B
(m+2)
2 . . . B
(0)
2
)
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= B
(0)
1 B
(−1)
1 . . . B
(m+1)
1 b
c13cm22c
−1
31
13 B
(m+1)
1 B
(m+2)
1 . . . B
(0)
1 , for m ≤ −1.
3) Conjugating the commutativity relations by cm21 we get
[a31, a
cm22c
−m
31
22 ] = [a31, a
ck13c
m−k
22 c
−m
31
13 ] = [a
cm22c
−m
31
22 , a
ck13c
m−k
22 c
−m
31
13 ] = 1,
[b31, b
cm22c
−m
31
22 ] = [b31, b
ck13c
m−k
22 c
−m
31
13 ] = [b
cm22c
−m
31
22 , b
ck13c
m−k
22 c
−m
31
13 ] = 1.
Now we will show that Ker(ϕ) is an HNN-extension with base group T3 and stable
letter d0. Introduce subgroups A and B in Ker(ϕ). Subgroup A is generated by
elements:
for m ≥ 1
A
(0)
1 A
(1)
1 . . . A
(m)
1 ·B(m)2 B(m−1)2 . . . B(1)2 ,
A
(0)
1 A
(1)
1 . . . A
(m)
1 X1A
(m)
1 A
(m−1)
1 . . . A
(0)
1 , where X1 ∈ {a31, ac
m
22
31 },
B
(1)
2 B
(2)
2 . . . B
(m)
2 Y1B
(m)
2 B
(m−1)
2 . . . B
(1)
2 , where Y1 ∈ {b31, bc
m
22
31 },
for m ≤ −1
A
(−1)
1 A
(−2)
1 . . . A
(m)
1 ·B(m+1)2 B(m+2)2 . . . B(0)2 ,
A
(−1)
1 A
(−2)
1 . . . A
(m)
1 X1A
(m)
1 A
(m+1)
1 . . . A
(−1)
1 ,
B
(0)
2 B
(−1)
2 . . . B
(m+1)
2 Y1B
(m+1)
2 B
(m+2)
2 . . . B
(0)
2 .
Subgroup B is generated by elements:
for m ≥ 1
A
(−1)
2 A
(−2)
2 . . . A
(m)
2 ·B(m+1)1 B(m+2)1 . . . B(0)1 ,
A
(0)
2 A
(1)
2 . . . A
(m)
2 X2A
(m)
2 A
(m−1)
2 . . . A
(0)
2 , where X2 ∈ {a31, ac13c
m
22c
−1
31
13 },
B
(1)
1 B
(2)
1 . . . B
(m)
1 b
c13cm22c
−1
31
13 B
(m)
1 B
(m−1)
1 . . . B
(1)
1 , where Y2 ∈ {b31, bc13c
m
22c
−1
31
13 },
for m ≤ −1
A
(−1)
2 A
(−2)
2 . . . A
(m)
2 ·B(m+1)1 B(m+2)1 . . . B(0)1 ,
A
(−1)
2 A
(−2)
2 . . . A
(m)
2 X2A
(m)
2 A
(m+1)
2 . . . A
(−1)
2 ,
B
(0)
1 B
(−1)
1 . . . B
(m+1)
1 Y2B
(m+1)
1 B
(m+2)
1 . . . B
(0)
1 .
The isomorphism ψ : A → B is defined conjugation by d0 and we see that all
relations of Ker(ϕ), exclude the commutativity relations from 3), define this conju-
gation. Hence, Ker(ϕ) is an HNN-extension with base group T3, stable letter d0 and
assotiated subgroups A and B:
Ker(ϕ) = 〈T3, d0 | rel(T3), d−10 Ad0 = B,ψ〉.
From the properties of HNN-extension follows that the set of defining relations rel(T3)
is the set of commutativity relations from 3).
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